We study analytically and numerically the inflationary solutions for various type scalar potentials in the nonminimally coupled scalar field theory. The Hamilton-Jacobi equation is used to deal with nonlinear evolutions of inhomogeneous spacetimes and the long-wavelength approximation is employed. The constraints that lead to a sufficient inflation are found for the nonminimal coupling constant and initial conditions of the scalar field for inflation potentials. In particular, we numerically find an inflationary solution in the new inflation model of a nonminimal scalar field. * Electronic address: kohst@ihanyang.ac.kr † Electronic address: sangkim@kunsan.ac.kr ‡ Electronic address: djsong@kao.re.kr
I. INTRODUCTION
The origin of the large scale structure could be well explained in the inflationary scenario which predicts a scale invariant spectrum, Gaussian statistics, and the curvature perturbation. However, a recent attention on the non-Gaussianity of the temperature anisotropy [1] has motivated the investigation of the gravitational perturbations during an inflation period beyond the linear order theory. The Hamilton-Jacobi theory, for instance, has been used to study nonlinear evolutions of inhomogeneous spacetimes in Einstein gravity [2] and generalized gravity [3, 4] . Even though it is difficult to get exact solutions of the Hamilton-Jacobi equation, the long-wavelength approximation is useful in dealing with superhorizon size perturbations. When the scale of perturbations is larger than the horizon size, spatial gradient terms can be neglected compared to their temporal variations. In this sense, the lowest order Hamilton-Jacobi and evolution equations for fields look like homogeneous equations of motion in the long-wavelength approximation.
Inflation potentials that dominate the energy density during the inflation period, are a crucial ingredient to discriminate among different inflation models. In Ref. [5] , the inflation potentials were reconstructed from observational data. The inflation models can be classified according to the shape of the potential and the initial condition of the scalar field into three types: a large field, small field and hybrid field model [6] . The chaotic inflation [7] , which belongs to the large field model, has a positive curvature at the minimum of the potential and needs the initial condition φ 0 > m pl to result in a sufficient inflation. Contrary to the chaotic inflation, the new inflation [8] (a small field model) has a negative curvature at the false vacuum and requires φ 0 ≪ m pl . The scalar field in the new inflation starts from the false vacuum initially and then rolls down to the true vacuum. And the hybrid inflation [9, 10] has a positive curvature at the local minimum of the potential but has a non-zero energy which is different from the chaotic inflation model. One of the interesting features of the hybrid inflation is prediction of a blue power spectrum (n > 1, n being a spectral index) when perturbation modes leave the horizon.
The Brans-Dicke-like theories are naturally derived from the fundamental physics theory such as string or M-theory. They are also widely used to investigate the dark energy problem that is believed to be responsible for the present accelerating Universe. When the scalar fields are coupled to the spacetime curvature R through ξRφ 2 /2, the theory is renormalizable. The inflationary solutions were investigated in this nonminimally coupled scalar field theory and constraints on the nonminimal coupling constant ξ were found [11, 12, 13] . But many of models considered there are the chaotic inflation. The coupling term might prevent inflation from occurring in the new inflation model [14] because it behaves like a mass term in the scalar potential and destroys the flatness of the potential.
In this paper we try to find inflationary solutions in the nonminimally coupled scalar field theory for various potentials and use the Hamilton-Jacobi theory to deal with nonlinear evolutions of inhomogeneous spacetimes. Although the inflationary solutions in the new inflation model are believed to be impossible, we try to get the inflationary solutions by numerical calculations and the slow-roll approximation in the new inflation. We also find analytically or numerically the inflationary solutions for chaotic and hybrid inflation models and put constraints on the nonminimal coupling constant.
This paper is organized as follows. In. Sec. II, we derive the Hamilton-Jacobi and evolution equations for the gravitation and scalar fields when the scalar field is nonminimally coupled to the gravity. And then we solve the Hamilton-Jacobi equation approximately using slow-roll conditions during the inflation period in Sec. III. We consider the inflation potentials in chaotic, new, and hybrid inflation models. To compare with approximate analytical solutions, we perform numerical calculations in Sec. IV and finally we summarize our results in Sec. V.
II. HAMILTON-JACOBI EQUATION IN NONMINIMALLY COUPLED SCALAR FIELD THEORY
The action for a nonminimally coupled scalar field takes the form
where ξ is a nonminimal coupling constant. The action (2.1) may be interpreted to have an effective gravitational constant G ef f depending on the scalar field as [11]
where
3) region φ < φ c for ξ > 0. In the Hamilton-Jacobi formalism, the spacetime is written in the ADM metric 4) where N and γ ij are a lapse function and a 3-spatial metric and we set a shift vector N i = 0.
The Hamilton-Jacobi theory proves useful for solving the gravitational and scalar field equations which can be obtained from the variation of the action (2.1). By introducing a generating functional S that is a function of γ ij , φ and integration constants, we can get the Hamilton-Jacobi and momentum constraint equations [2, 3] . The generating functional, S(φ, γ ij ), can be expanded in a series in the order of spatial gradient terms
The lowest order Hamilton-Jacobi equation is sufficient to deal with the nonlinear evolution of the gravitational fields whose scales are larger than the horizon size. We will assume an ansatz for the lowest order generating functional of the form [3] 6) so that S (0) satisfies automatically the momentum constraint equation. For Einstein gravity, W can be interpreted as a locally defined Hubble parameter. Then the Hamilton-Jacobi and evolution equations for γ ij and φ are given by 9) where the metric is factored into a conformal part and a unimodular metric
There appears another singular point φ = φ s from Eq. (2.9) in the case 0 < ξ < 1/6, where Note that Eq. (2.7) can also be written as
There is no stable solution for φ > φ s in an isotropic flat spacetime [11] . This can be understood because each term in Eq. (2.12) becomes positive definite if φ > φ s (> φ c ). Thus the Hamiltonian constraint cannot be not satisfied for φ > φ s .
III. SLOW-ROLL APPROXIMATION
Although the Hamilton-Jacobi method is a powerful tool for nonlinear evolutions of inhomogeneous spacetimes, it is known to be difficult to solve exactly the Hamilton-Jacobi equation for a general potential even in Einstein gravity [2] . In Ref. [3] for generalized gravity, the Hamilton-Jacobi equation is analytically solved for general potentials using some approximate methods. A good approximation is the slow-roll approximation in inflation scenario to get analytical results which are well fitted to observations. We will try to get an analytical result of Eq. (2.7) using the slow-roll approximation.
The slow-roll conditions during the inflation period are
It turns out convenient to define slow-roll parameters from the above slow-roll conditions
Here ε H and η H are usual definitions of slow-roll parameters, and ε H and ε W are related to each other
The occurrence of inflation requires ε H , η H ≪ 1. In Fig. 1 , ε H and ε W are plotted for V = m 2 φ 2 /2 during the inflation period. ε H and ε W are slightly different from each other, but they are both useful in determining the end of inflation, ε H ≃ ε W = 1.
From Eq. (2.7), unless |ξ| is much larger than 1, the slow-roll condition is equivalent to neglecting the kinetic energy term in comparison to the potential energy. Then the Hamilton-Jacobi equation and the evolution equation for α become approximately
Another useful quantity to describe a sufficient inflation is the number of e-folds, N , which is defined by
where subscripts "e" denotes the end of inflation. To resolve the cosmological problems such as the flatness, horizon, and homogeneity problems, a bound N > ∼ 60 is required. With the help of Eqs. (3.6) and (2.9), N can be written as
We will solve the Hamilton-Jacobi equation for various type potentials using the slow-roll approximation and find initial conditions for the scalar field to result in a sufficiently enough inflation. According to Ref. [6] , inflation potentials in a single field model are classified into three types depending on the shape of potentials and the initial condition of the scalar field -a large field, small field and hybrid field model. In the large field model, for example in the chaotic inflation, the scalar field that is initially greater than m pl rolls slowly down to the minimum and then oscillates around the minimum value. And the potential has a positive curvature at the minimum. Contrary to the large field model, the scalar field in the small field model such as the new inflation stays initially near a false vacuum and then evolves toward the true vacuum. So it is possible to have an inflation even when the field is much smaller than m pl and the potential at the minimum has a negative curvature. And finally the scalar field in the hybrid inflation evolves toward a minimum of the potential which has a nonzero vacuum energy. Integrating Eq. (3.10) over φ between φ 0 and φ e , we can obtain the number of e-folds
(3.11)
After passing through the slow-roll regime, φ starts to oscillate around φ e = 0. The number of e-folds are plotted in Fig. 3 (left) against ψ 0 ≡ √ 8πφ 0 /m pl and ξ. In addition to the constraint from G ef f > 0 for ξ > 0, φ 2 /φ 2 c is further constrained by the form of arctanh function, independently of sign of ξ,
For ξ < 0, the scalar field shows a different behavior depending upon the initial value φ 0 .
runs away to infinity and never reaches the origin. This constraint for ξ < 0 is understood in the Einstein frame [11, 13] . The potential in the Einstein frame can be obtained through a conformal transformation asV
(3.13)
The potentialV has a local maximum at φ m for V = m 2 φ 2 /2 when ξ is negative. If φ 0 > φ m , the field diverges to larger values as shown in Fig. 4 instead of rolling down to the origin. But if the initial value ofφ is very large and negative, the field crosses over the potential barrier and then reaches the origin. Even though it is possible for φ field to reach the origin when φ 0 > φ m for −10 −3 < ξ < 0, the number of e-folds is not greater than 60 because the slow-roll starts at φ ≃ φ m . Thus, the initial condition φ 0 should be less than m pl / 8π|ξ|, independently of the sign of ξ. And a constraint |ξ| ≤ 10 −3 is required for a sufficient inflation to occur. In this case, the first term in Eq. (3.11) dominates
Next, we consider V = λφ 4 /4! and then Eqs. (3.5) and (3.6) become
By simply integrating Eq. (3.16) we can get the number of e-folds
We plot the number of e-folds in Fig. 3 (right) . For ξ > 0, φ should be less than φ c to satisfy the condition G ef f > 0. A constraint |ξ| < 10 −3 is also required in order to lead to a sufficient number of e-folds as for the case of V = m 2 φ / 2. A local maximum of the potential in the Einstein frame does not exist in this potential. Thus, there is no constraint on φ 0 even when ξ is negative. For |ξ| < 10 −3 , the first term in Eq. (3.17) dominates the second logarithmic term due to the factor of (1 − 6ξ)/8ξ. So for |ξ| ≤ 10 −3 and φ e ≃ 0, we have initial conditions for N ≥ 60
Let us consider a Ginzburg-Landau potential
If |φ| ≫ µ, this potential can be regarded as a large field model with a term φ 4 [12] . Therefore we assume that |φ| ≪ µ. In the vicinity of the origin, this potential is approximated as equation and the evolution equation for α become
Then, the number of e-folds is
We assume that inflation ends when φ e ≃ µ. In Eq. In Fig. 5 (left) , we plot the number of e-foldings for various ranges of ξ and ψ ≡ √ 8πGφ 0 and √ 8πGµ = 10.
Note that the nonminimal coupling might prevent inflationary solutions in the new inflation [14] because the coupling term, ξRφ 2 /2, behaves like a mass term in the scalar field potential and destroys the flatness of the potential near the origin. However, we will examine a possibility of the inflationary solutions in the new inflation when φ ≪ µ and 8πGξφ 2 ≪ 1. During the slow-roll of the inflation, the potential (3.19) can be approximated as V ≃ Λ 4 .
Then Eqs. (2.9) and (3.22) are approximated bẏ
where we have set N = 1. Thus we obtain the solutions
where φ i and α i are integration constants. Because α is a logarithm of the scale factor, this
shows that the universe expands quasi-exponentially when the nonminimal coupling exists.
But here we do not consider the dynamics of the phase transition in detail during the slowroll phase, so it requires scrutiny to conclude about the existence of inflationary solutions in the new inflationary scenario.
This type of potential describes the hybrid inflation [9, 10] . Contrary to the other inflation models, hybrid inflation gives a blue power spectrum. The potential in hybrid inflation may take the form 
If the false vacuum energy dominates the potential energy, inflation ends when φ 2 < φ 2 f . The hybrid field model differs from the large field model in the sense that during inflation the vacuum energy is nonzero. The potential, (3.29), can be rewritten as 
By simply integrating Eq. (3.32), we obtain
We assume that the inflaton field φ dominates the vacuum energy but the σ field plays no significant role during the inflation period. This implies that µ ≪ m pl ≪ φ [10] . With this assumption, the third term in Eq. (3.33) is dominant compared to the other two terms.
If we set φ e ≃ 0 and for ξ < 0, note that the numerator in the second logarithmic term is greater than zero, then 8πG|ξ|φ 2 0 should be less than 1. With the potential given in (3.29), this situation is similar to the large field model with V = m 2 φ 2 /2. When ξ is negative, the maximum value of the potential in the Einstein frame, (3.13), which could be obtained through the conformal transformation, is located at 
IV. NUMERICAL SOLUTIONS OF HAMILTON-JACOBI EQUATION
In this section, we numerically solve the Hamilton-Jacobi equation (2.7) and the evolution equation (2.8) for α and Eq. (2.9) for φ in the nonminimally coupled scalar field theory.
And then we compare this result with that of Einstein gravity, ξ = 0 in this paper. W could be interpreted as a Hubble parameter H ≡α/N for ξ = 0. We choose the synchronous gauge (N = 1) for numerical calculations and, using Eqs. (2.9) and (2.7), derive the second
V. The dimensionless quantities to be introduced are
where t * depends on the shape of the potential. We choose
In Fig. 6 , we plot the phase diagram and logarithm of the scale factor, α, for φ for V = m 2 φ 2 /2 when the initial value is prescribed by ψ 0 = 16. From the discussion in the previous section, ψ 2 0 should be smaller than 1/|ξ| for V = m 2 φ 2 /2. Therefore, the constraint |ξ| < ∼ 10 −3 is required for a sufficient inflation to occur (see Fig. 3 (left) ). Fig. 6 (left) shows an attractor at (φ,φ) = (0, 0) if the initial condition ψ 2 0 < 1/|ξ| is satisfied. The number of e-folds in Fig. 6 (right) decreases for ξ > 0 compared to the case of ξ = 0 but is enhanced for ξ < 0. As stated in the previous section, if ψ is greater than ψ m = 1/ |ξ| for ξ < 0, the orbit in the phase diagram may reach the origin or evolve to larger values of ψ depending on the velocity dψ/dτ . This is shown in Fig. 4 . If dψ/dτ = 10 −3 for ξ = −10 constrained by ψ < 1/ √ ξ. So to have N > ∼ 60, one needs ξ < ∼ 10 −3 . But, on the contrary to the case of V = m 2 φ 2 /2, it is possible to have inflation for ξ < 0, irrespective of the magnitude of |ξ| (see Fig. 3 (right) ). The attractor is shown at (φ,φ) = (0, 0) in Fig. 7 (left). As in the case of V = m 2 φ 2 /2, N in Fig. 7 (right) decreases for positive ξ compared to the ξ = 0 case, whereas it increases for negative ξ. The number of e-folds, however, do not much depend on ξ. The initial condition ψ 0 > 22 is at least needed for ξ = 10 −3 in Eq.
(3.18).
In Fig. 9 , the phase space diagram and number of e-folds are plotted for the small field model with the potential (3.19). Contrary to the large field model, the attractor in phase diagram is located at (φ,φ) = (µ, 0), where µ = φ . We have chosen ψ 0 = 0.5 and √ 8πGµ = 10. Inflationary solutions are shown in Fig. 9 (right), which can be seen from α ∝ ln φ implying a quasi-exponential expansion of the scale factor. The field is initially located at the origin (ψ 0 ≪ 1) and then evolves to the minimum of the potential, µ. When the field arrives at the minimum, the inflation ends and the field starts to oscillate around the minimum. As long as ψ 0 ≪ 1, there is no constraint on the ψ 0 (see Fig. 5 (left)) but for ξ > 0, µ must be less than 1/ √ 8πGξ. The number of e-folds, N , increases for ξ > 0 relative to the ξ = 0 case, which differs from the case of the large field model, but it decreases for ξ < 0.
We plot the phase diagram and number of e-folds in Fig. 10 for the hybrid inflation potential. We put the parameters ψ 0 = 15 and √ 8πGµ = 1. Starting from ψ 0 , the field rolls down toward the false vacuum, V = Λ 4 . Similarly to the large field model with V = m 2 φ 2 /2, the hybrid inflation also gives the constraint on ψ 0 as ψ 2 0 < 1/|ξ|. This constraint comes from the condition G ef f > 0 for ξ > 0 and the potential barrier of hybrid inflation in the Einstein frame which prevents the field from reaching the origin for ξ < 0. In Fig. 5 (right 
V. SUMMARY
Using the Hamilton-Jacobi theory we have studied nonlinear evolutions of inhomogeneous spacetimes when scalar fields are nonminimally coupled with the spacetime curvature R.
And we have found analytic and numerical solutions for several classes of inflation potentials during the inflation period. The inflation potentials thus studied could be categorized into three different types -a large field, small field, and hybrid field model, depending on the potential shape and the initial condition of scalar fields. Though it is believed that in the nonminimally coupled scalar theory, the new inflation, a small field model, may not have an inflationary solution, we have shown through an approximation and numerics that the new inflation potential can provide a quasi-exponential inflationary solution. Careful scrutiny is in order before reaching a definite conclusion for the existence of inflationary solutions.
For the hybrid inflation potential, we have assumed that the inflaton field dominates the potential. However, if the potential is dominated by the vacuum energy, which is the limit of the small field model, the other scalar field, σ, plays a significant role in terminating the inflation. It would be interesting to consider the inflationary solutions for multi-field potentials.
In the case of ξ > 0, the coupling constant is restricted to a range of ξ < 10 −3 to have the number of e-folds greater than 60 whose value is needed to resolve the well known φ is greater than φ m , it goes away to infinity and never reaches the origin. However, if the scalar field has a very large negative initial velocity, it can cross over the potential barrier and evolve toward the origin. But the number of e-folds being greater than 60 restricts to the nonminimal coupling constant to |ξ| < 10 −3 .
It would be more helpful to understand analytically or numerically the behaviors of nonlinear evolutions of inhomogeneous spacetimes in the nonminimally coupled scalar field theory beyond the zeroth order Hamilton-Jacobi equation, which will be addressed in a future publication.
